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Abstract 

Let Rhea ring and M be a left iî- module. If M is Rad-supplementing, 
then every direct summand of M is Rad-supplementing, but not each 
factor module of M. Any finite direct sum of Rad-supplementing 
modules is Rad-supplementing. Every module with composition sé- 
ries is (Rad-)supplementing. M has a Rad-supplement in its injective 
envelope if and only if M has a Rad-supplement in every essential 
extension. R is left perfect if and only if R is semilocal, reduced 
and the free left i?- module (rR)^^^ is Rad-supplementing if and only 
if R is reduced and the free left iî- module (rR)^^^ is ample Rad- 
supplementing. M is ample Rad-supplementing if and only if every 
submodule of M is Rad-supplementing. Every left iî-module is (am- 
ple) Rad-supplementing if and only if R/P{R) is left perfect, where 
P{R) is the sum of ail left ideals I oî R such that Rad 1 = 1. 
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1 Introduction 
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Ail rings consider in this paper will be associative with an identity élément. 
Unless otherwise stated, R dénotes an arbitrary ring and ail modules will be 
left unitary iî- modules. By R-Aiod we dénote the category of left -R-modules. 
Let M be a module. By X Ç M, we mean X is a submodule of M or M is 
an extension of X. As usual, Rad M dénotes the radical of M and J dénotes 
the jacobson radical of the ring R. E{M) will be the injective envelope of 
M. For an index set J, M^^'^ dénotes as usual the direct sum ©/M. By N, Z 
and Q we dénote as usual the set of natural numbers, the ring of integers and 
the field of rational numbers, respectively. A submodule i^' Ç M is called 
small in M (denoted hj K <^ M) ïi M ^ K + T for every proper submodule 
T of M. Dually, a submodule L Ç M is called essential in M (denoted by 
L < M) iî L (1 X ^ for every nonzero submodule X of M. 

The notion of a supplément submodule was introduced in [7] in order 
to characterize semiperfect modules, that is projective modules whose factor 
modules have projective cover. For submodules U and V oî a module M, V 
is said to be a supplément U in M or U is said to have a supplément V 
in M if U + V = M and U H V V . M is called a supplemented module 
if every submodule of M has a supplément in M. See [2TI §41] and [H] 
for results (and the définitions) related to suppléments and supplemented 
modules. Recently, several authors have studied différent gêner alizat ions of 
supplemented modules. In [TH], r-supplemented modules were defined for an 
arbitrary preradical r for R-M.od. For submodules U and V oi & module M, 
V is said to be a r- supplément of U in M or U is said to have a t- supplément 
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VmMiîU + V = M and U nV Ç r(y). M is called a r-supplemented 
module if every submodule of M has a r-supplement in M. For the particular 
case T = Rad, Rad-supplemented modules have been studied in [3]; rings 
over whicli ail modules are Rad-supplemented were characterized. See [23] : 
thèse modules are called generalized supplemented modules. Note that Rad- 
supplements ^ of a module M are also called coneat submodules, and can 
be characterized by the fact that each module with zéro radical is injective 
with respect to the inclusion V Ç M; see [Hl §10], [TB] and On the 
other hand, modules that have suppléments in every module in which it is 
contained as a submodule have been studied in [TT]; the structure of thèse 
modules, which are called modules with the property (E), has been completely 
determined over Dedekind domains. Such modules are also called Moduln 
mit Ergànzungseigenschaft in [13] and supplementing modules in [T^ p. 255]. 
Also, in the récent paper [U] , modules that have a supplément in every cofinite 
extension have been studied, where a module is called a cofinite extension 
of M if M Ç and N/M is finitely generated; see [TS] for the notion of 
a cofinite submodule. We follow the terminology and notation as in [14] . 
We call a module M supplementing if it has a supplément in each module in 
which it is contained as a submodule. By considering thèse modules we define 
and study (ample) Rad-supplementing modules as a proper generalization of 
supplementing modules. A module M is called (ample) Rad-supplementing if 
it has a (an ample) Rad-supplement in each module in which it is contained 
as a submodule, where a submodule U Ç M has ample Rad- suppléments in 
M if for every L Ç M with U + L = M, there is a Rad-supplement L' of U 
with L' C L. 
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In section [2] we investigate some properties of Rad-supplementing mod- 
ules. It is clear that every supplementing module is Rad-supplementing, but 
the converse implication fails to be true, Example 12.31 If a module M has a 
Rad-supplement in its injective envelope, M need not be Rad-supplementing. 
However, we prove that M has a Rad-supplement in its injective envelope 
if and only if M has a Rad-supplement in every essential extension, Propo- 
sition 12.51 Using the fact that, for modules A Ç 5, if A and B/A are 
(Rad-) supplementing then so is -B, we prove that every module with com- 
position séries is (Rad-)supplementing, Theorem 12.121 A factor module of a 
Rad-supplementing module need not be Rad-supplementing, Example 12.151 
For modules A Ç B Ç C with C/A injective, we prove that if B is Rad- 
supplementing then so is B/A. As one of the main results, we prove that 
R is left perfect if and only if R is semilocal, rR is reduced and {rRY^^ is 
Rad-supplementing. Finally, using a resuit of [TT] , we show that over a com- 
mutative noetherian ring R, a semisimple i?-module M is Rad-supplementing 
if and only if it is supplementing and that is équivalent the fact that M is 
pure-injective, Theorem 12.211 

Section [3] contains some properties of ample Rad-supplementing mod- 
ules. It starts by proving a useful property that a module M is ample Rad- 
supplementing if and only if every submodule of M is Rad-supplementing, 
Proposition 13.11 One of the main results of this part is that R is left per- 
fect if and only if rR is reduced and the free left i?-module (rRY^^ is 
ample Rad-supplementing, Theorem 13.31 In the proof of this resuit, Rad- 
supplemented modules plays an important rôle as, of course, every ample 
Rad-supplementing module is Rad-supplemented. Finally, using the char- 
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acterization of Rad-supplemented modules given in [3], we characterize the 
rings over which every module is (ample) Rad-supplementing. We prove 
that every left iî-module is (ample) Rad-supplementing if and only if every 
reduced left iî-module is Rad-supplementing if and only if R/P{R) is left 
perfect, Theorem 13.41 

2 Rad-supplementing modules 

A module M is called radical if Rad M = M, and M is called reduced if it 
lias no nonzero radical submodule. See [101 P-47] for détails for the notion of 
reduced and radical modules. 

Proposition 2.1. Supplementing modules and radical modules are Rad-supplementing. 

Proof. Let M be a module and be any extension of M. If M is supple- 
menting, then it lias a supplément, and so a Rad-supplement in A^. Thus M 
is Rad-supplementing. Now, If Rad M = M, then A^ is a Rad-supplement of 
M in A^. □ 

By P{M) we dénote the sum of ail radical submodules of the module M, 
that is, 

P(M) = \ RadU = U}. 

Clearly M is reduced if P{M) = 0. 

Since P{M) is a radical submodule of M we have the foUowing corollary. 

Corollary 2.2. For a module M, P{M) is Rad-supplementing. 
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Recall that a subset / of a ring R is said to be left T-nilpotent in case, for 
every séquence {ak}'^=i in /, there is a positive integer n such that ai ■ ■ ■ a„ = 
0. 

In gênerai, Rad-supplementing modules need not be supplément ing as the 
foUowing example shows. 

Example 2.3. Let k he a. field. In the polynomial ring k[xi,X2, ■ ■ ■] with 
countably many indeterminates n G N, consider the idéal / = (x^,^! — 
xi, x| — X2, . . .) generated by and x^^^^ — Xn for each n G N. Then the 
quotient ring R = k[xi,X2, ■ ■ ■]/! is a local ring with the unique maximal 
idéal J = (see Example 6.2] for détails). Now let M = J^^l Then 
we have Rad M = M, and so M is Rad-supplementing by Proposition 12. 1[ 
However, M does not have a supplément in R^^\ Because, otherwise, by 
[21 Theorem 1], J would be a left T-nilpotent as R is semilocal, but this is 
impossible. Thus M is not supplementing. 

For instance, over a left max ring, supplementing modules and Rad- 
supplementing modules coïncide, where R is called a left max ring if every 
left iî-module has a maximal submodule or equivalently, Rad M <C M for 
every left i?-module M. 

Proposition 2.4. Every direct summand of a Rad-supplementing module is 
Rad-supplementing. 

Proof. Let M be a Rad-supplementing module, ?7 be a direct summand of 
M and let be any extension of U . Then M = A(BU for some submodule 
A Ç M. By hypothesis M has a Rad-supplement in the module A ® N 
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containing M, that is, there exists a submodule V oî A(B N such that 

{A®U) + V = A®N and (A © f/) n V Ç Rad K 

Let g : A (B N ^ N he the projection onto A^. Then 

U + ^(y) = g{A ®U)+ g{V) = g{{A ® U) + V) = g{A ® N) = N and , 

U n g{V) = g{{A ®U)nV)Ç ^(Radl^) Ç Rad(^(l^)). 
Hence g{V) is a Rad- supplément of U in N. □ 

If a module M has a Rad-supplement in its injective envelope E{M), M 
need not be Rad-supplementing. For example, for R = Z, the i?-module 
M = 2Z has a Rad-supplement in E(M) = Q since RadQ = Q (and so Q 
is Rad-supplemented) . But, M does not have a Rad-supplement in Z, and 
thus M is not Rad-supplementing. However, we have the foUowing resuit. 

Proposition 2.5. Let M be a module. Then the following are équivalent. 

(i) M has a Rad-supplement in every essential extension, 

(a) M has a Rad-supplement in its injective envelope E{M). 

Proof. (i) {il) is clear. (m) =^ (i) Let M Ç N with M < N, and let 
f : M N and g : M E{M) be inclusion maps. Then we have the 
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foUowing commutative diagram with h necessarily monic: 



f 



N . 



g 




E{M) 



By hypothesis M has a Rad- supplément in E{M), say K, that is, M + K = 
E{M) and M n K (Z R&àK. Since M Ç h{N), we obtain that h{N) = 
h{N) n E{M) = h{N) r]{M + K) = M + h{N) D K. Now, taking any neN, 
we have h{n) = m + h{ni) = h{m + ni) where m E M and h{ni) G h{N)r\K. 
So, n = m + 77-1 gM + h~^{K) since /i is monic, and thus M + h~^{K) = N. 
Moreover, M n /^-^(ir) = h'\M D K) Ç h-^{RadK) Ç Rad{h~\K)) since 
h~^{M) = M as /i is monic. Hence h~^{K) is a Rad-supplement of M in 
AT. □ 

Proposition 2.6. Lei B be a module and A be a submodule of B. If A and 
B/A are Rad-supplementing, then so is B. 

Proof. Let B Ç N he any extension of B. By hypothesis, there is a Rad- 
supplement V/A of B/A in N/A and a Rad-supplement of A in We 
claim that is a Rad-supplement of B in A^. We have epimorphisms / : 
W -> V/A and g : V/A N/B such that Ker / = WnA Ç Rad 
and Ker^ = V/A n B/A Ç Rad{V/A). Then g o f : W N/B is an 
epimorphism such that W (1 B = KeT{g o /) C RadVT by [221 Lemma 1.1]. 



Remark 2.7. The previous resuit holds for supplementing modules; see [TT| 
Lemma 1.3-(c)]. 



Finally, N = V + B = {W + A) + B = W + B. 



□ 
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Corollary 2.8. // Mi and M2 are Rad-supplementing modules, then so is 
Ml © M2. 

Proof. Consider the short exact séquence 

Ml Ml © M2 M2 0. 

Thus the resuit foUows by Proposition 12.61 □ 

Recall that R is said to be a left hereditary ring if every left idéal of R is 
projective. 

Corollary 2.9. If M/P{M) is Rad-supplementing, then M is Rad-supplementing. 
For left hereditary rings, the converse is also true. 

Proof. Since P{M) is Rad-supplementing by Corollary I2.2[ the resuit follows 
by Proposition 12.61 Over left hereditary rings, any factor module of a Rad- 
supplementing module is Rad-supplementing (see Corollary 12.18p . □ 

We give the proof of the following known fact for completeness. 

Lemma 2.10. Every simple submodule S of a module M is either a direct 
summand of M or small in M. 

Proof. Suppose that S is not small in M, then there exists a proper submod- 
ule K oiM such that S + K = M. Since S is simple and K ^ M, SnK = 0. 
Thus M = S®K. □ 

Proposition 2.11. Every simple module is (Rad-)supplementing. 
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Proof. Let S* be a simple module and N be any extension of S. Then by 
Lemma [2ÂÔ1 5 < iV or 5 © S" = iV for a submodule S' Ç N. In the first 
case, is a (Rad-) supplément of S in A^, and in the second case, S' is a 
(Rad-) supplément of S in A^. So, in each case S* lias a (Rad-) supplément in 
A^, that is, S is (Rad-)supplementing. □ 

Theorem 2.12. Every module with composition séries is (Rad-)supplementing. 

Proof. Let = Mo Ç Mi Ç M2 Ç ■ ■ ■ Ç M„ = M be a composition séries of 
a module M. The proof is by induction on n G N. If n = 1, then M = Mi 
is simple, and so M is (Rad-)supplementing by Proposition I2.11[ Suppose 
that this is true for each k < n — 1. Then M„_i is (Rad-)supplementing. 
Since M„/M„_i is also (Rad-)supplementing as a simple module, we obtain 
by Proposition 12.61 that M = M„ is (Rad-)supplementing. □ 

Corollary 2.13. A finitely generated semisimple module is (Rad-)supplementing. 

In gênerai, a factor module of a Rad-supplementing module need not be 
Rad-supplementing. To give such a counterexample we need the following 
resuit. 

Recall that a ring R is called Von Neumann regular if every élément a E R 
can be written in the form axa, for some x E R. 

Proposition 2.14. Let R be a commutative Von Neumann regular ring. 
Then an R-module M is Rad-supplementing if and only if M is injective. 

Proof. Suppose that M is a Rad-supplementing module. Let M Ç A^ be 
any extension of M. Then there is a Rad-supplement \^ of M in A^, that is, 
V + M = N and ^ fl M Ç Rad V. Since ail i?-modules have zéro radical by 
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[Hl 3.73 and 3.75], we have RadV = 0, and so iV = 1/ © M. Conversely, 
if M is injective and M Ç is any extension of M, then N = M (B K îoi 
some submodule K Ç N. Thus K is a Rad-supplement of M in A^. □ 

It is known that a ring R is lefty hereditary if and only if every quotient 
of an injective -R-module is injective (see [Hl Ch.I, Theorem 5.4]). 

Example 2.15. Let iî = JJf^ be a rine;, where each F,- is a field for an 
infinité index set /. Then iî is a commutative Von Neumann regular ring. 
Indeed, let a = {ai)i^j G R where Oj G Fi for ail i G /. Taking b = {bi)içj G R 
where bi G Fi such that 

^ ^ I a-' ifa,^0) 
1 if = 

Then we obtain that 

aba = {ai)i{bi)i{ai)j = {aibiai)i<^i = {ai)i(zj = a. 

Now, by Proposition 12. 14^ iî is a Rad-supplementing module over itself since 
it is injective (see [T9l Corollary 3.11B]). Since R is not noetherian, it cannot 
be semisimple (by [201 Corollary 2.6]). Thus R is not hereditary by P, 
Corollary]. Hence, there is a factor module of R which is not injective. 

The following technical lemma will be useful to show that Rad-supplementing 
modules are closed under factor modules, under a spécial condition. 

Lemma 2.16. Let A Ç B Ç C be modules with C/A injective. Let N be 
a module containing B /A. Then there exists a commutative diagram with 
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exact rows: 




Proof. By pushout we have the foUowing commutative diagram, where ip 
exists since C/A is injective: 







B/A^ 



N- 



(1) 



■N/{B/A) 







a / 
' "(2) 



id 







■0 



- C/A N' N/{B/A) - 

In the diagram, since the triangle-(l) is commutative, there exists a ho- 
momorphism a : N/{B/A) — A^' making the triangle- (2) is commuta- 
tive by [T71 Lemma 1.8.4]. So, the second row sphts. Then we can take 
N' = (C/A) © {N/{B/A)), and so we may assume that P : C/A — ^ iV' is 
an inclusion. Therefore, we have the foUowing commutative diagram since 
B/A = (5{B/A) = g{B/A) Ç N': 







■A^ 



B 



id 



B/A- 











A- 



AT'. 







- C® {N/{B/A)) — 

where 7(0) = (a, 0) for every a G A, (f){h) = {b, 0) for every b E B, and 
a{c,x) = {c + A,x) for every c E C and x G N/{B/A). Finally, taking P = 
a~^{g{N)) and defining a homomorphism à : P — > g{N) by = cr(x) for 
every x G P (in fact, à is an epimorphism as so is a), we obtain the foUowing 
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desired commutative diagram: 



id 




B/A- 



P^^g{N) = N- 



□ 



Proposition 2.17. Let A Ç B Ç C with C/A injective. If B is Rad- 
supplementing, then so is B/A. 



Proof. Let B/A Ç be any extension of B/A. By Lemma [2.161 we have 
the foUowing commutative diagram witli exact rows since C/A is injective: 



^ A^ ^ B B/A ■ 



. 



0- 



id 

A 



h 



N- 







Since h is monic and B is Rad-supplementing, B = Imh bas a Rad- supplément 
in P, say V, that is, Im h + V = P and ïmhnVÇ Rad V. We claim that 
g (y) is a Rad-supplement oi B/A in N. 

N = g{P) = g{h{B)) + g{V) = {fa){B) + giV) = (B/A) + g{V), and 



iB/A)ngiV) = f{a{B))r\g{V) = g[h{B) n V] Ç ^(RadV^) Ç Rad(^(V)). 

□ 

Corollary 2.18. If R is a left hereditary ring, then every factor module of 
Rad-supplementing module is Rad-supplementing. 
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Proposition 2.19. If M is a reduced, projective and Rad-supplementing 
module, then RadM -C M. 

Proof. Suppose X + RadM = M for a submodule X of M. Then since 
M is projective, there exists / G End(M) such that Imf Ç X and Im(l — 
/) Ç RadM = JM where J is a Jacobson radical of R. Therefore / is 
a monomorphism by [T2| Theorem 3]. Since M is Rad-supplementing and 
Im / = M, Im / lias a Rad- supplément V in M, that is, Im / + ^ = M and 
Im / n Ç Rad V. Now we have an epimorphism g : V ^ M/ Im / such 
that Kei g = V (1 Im / Ç Radl^. Moreover, since M = Im / + Im(l — /) = 
Im / + Rad M we have Rad(M/ Im /) = M/ Im /. Thus Rad V = V, and so 
V = since M is reduced. Hence M = Im / Ç X implies that X = M as 
required. □ 

Recall that R is said to be a semilocal ring if R/J is a semisimple ring, 
that is a left (and right) semisimple iî- module (see [201 §20]). 

Theorem 2.20. ^4 ring R is left perfect if and only if R is semilocal, rR is 
reduced and the free left R-module F = (rR)^^^ is Rad-supplementing. 

Proof. If R is left perfect, then R is semilocal by [6l 28.4], and clearly 
rR is reduced. Since ail left -R-modules are supplemented and so Rad- 
supplemented, F is Rad-supplementing. Conversely, since P{rR) = we 
have P{F) = (P(jîR)Y^^ = 0, that is, F is reduced. Thus by Proposition 
12. 19^ JF = Rad -F ^ F, that is, J is left T-nilpotent by, for example, P, 
28.3]. Hence R is left perfect by [6l 28.4] since it is moreover semilocal. □ 

[13] has studied supplementing modules over commutative noetherian 
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rings, and he showed that If a module M is supplementing, then it is cotor- 
sion, that is, Ext}j(-F, M) = for every flat module F (see |1] for cotorsion 
modules). So the question was raised When Rad-supplementing modules are 
cotorsion? Since any pure-injective module is cotorsion, the following resuit 
gives an answer of the question for a semisimple module over a commuta- 
tive ring. The relation between (Rad-) supplementing modules and cotorsion 
modules needs to be further investigated. 

The part (iii)^(i) of the proof of the following theorem is the same as 
the proof given in [TTl Theorem 1.6-(ii)^(i)], but we give it by explanation 
for completeness. 

Theorem 2.21. Let R be a commutative ring. Then the following are équiv- 
alent for a semisimple R-module M. 

(i) M is supplementing, 

(a) M is Rad-supplementing, 

(m) M is pure-injective, 

Proof. (i)^(ii) is clear. (ii)^(iii) Let M Ç be a pure extension of M. 
By hypothesis M has a Rad-supplement V in A^, that is, M + V = N and 
M nV <Z Rad V. Since M is pure in A^, we have Rad M = M fl Rad N 
(as R is commutative). Thus M fl V Ç M n RadiV = Rad M = as M is 
semisimple. Hence N = M ®V as required. (iii)^(i) Let M Ç be any 
extension of M. Then the factor module X = (M + Rad A^) / Rad A^ of M is 
again semisimple and pure-injective. Since semisimple submodules are pure 
in every module with zéro radical and Rad(A^/ Rad A^) = 0, it follows that 
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X is a direct summand of N/ Rad A^. Now let 

{y/ Rad N)®X = N/ Rad 

for a submodule V N such that Rad N V . So we have V + M = N 
with V minimal, and thus V is a supplément of M in A^. This is because, if 
T + M = N for a submodule T oî N with T Ç V, then from 

Rad(iV/T) = Rad((M + T)/T) = Rad(M/M n T) = 

as M/M n T is semisimple, we obtain that Rad Ç T. Moreover, since 

Rad A^ = 1/ n (M + Rad A^) = 1/ n M + Rad A^, 

we have V nM Ç RadN andV = T + VnMÇT + RadN = T, thus 
T = V. □ 

3 Ample Rad-supplementing modules 

The following useful resuit gives a relation between Rad-supplementing mod- 
ules and ample Rad-supplementing modules. 

Proposition 3.1. A module M is ample Rad-supplementing if and only if 
every submodule of M is Rad-supplementing. 

Proof. (<^=) Let M be a module and A^ be any extension of M. Suppose that 
for a submodule X Ç A^, X+M = N. By hypothesis the submodule XdM of 
M has a Rad-supplement VinX containing XnM, that is, {Xr]M) + V = X 
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and {XnM)nV Ç RadV. Then = M + X = M + {XnM) + V = M + V 
and, M nV = M n{V nX) = (XnM)nyç RadV. Hence V is a 
Rad-supplement of M in such that V Ç X. 

(^) Let f/ be a submodule of M and be any module containing U. 
Thus we can draw tlie pushout for the inclusion homomorphisms ii : U ^ N 
and Z2 : f/ M: 



M- 








A 


«2 

















In the diagram, a and /3 are also monomorphisms by the properties of pushout 
(see, for example, [Tïïl Exercise 5.10]). Let M' = Ima and A^' = Im/3. Then 
F = M' + A^' by the properties of pushout. So by hypothesis. M' = M 
has a Rad-supplement ^ in F such that V Ç N', that is. M' + V = F 
and M' nV Ç RadV. Therefore is a Rad-supplement of M' D N' in A^', 
because A^' = A^'nF = N'r]{M' + V) = (M' n A^') + and {M'nN')nV = 
M' nV Ç RadV^. Now, we claim that P~^(y) is a Rad-supplement of U 
in A^. Since /3 : A^ — F is a monomorphism with A^' = Im /3, we have 
an isomorphism P : N ^ N' defined as P{x) = for ail x E N . By 

this isomorphism, since is a Rad-supplement of M' fl A^' in A^', we obtain 
P~^{y) is a Rad-supplement of ^-^{M' n A^') in ]3^^{N'). Since it can be 
easily shown that P^^iV) = (3~\V), P~\N') = N, and p-\M' f] N') = U 
the resuit foUows. □ 

Corollary 3.2. Every ample Rad-supplementing module is both Rad-supplementing 
and Rad-supplemented. 
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Theorem 3.3. A ring R is left perfect if and only if rR is reduced and the 
free left R-module F = {rRY^'^ is ample Rad-supplementing. 

Proof. If R is left perfect, then rR is reduced and ail left i?- modules are 
supplemented, and so Rad-supplemented. Thus every submodule of F is Rad- 
supplementing. Hence F is ample Rad-supplementing by Proposition I3.1[ 
Conversely, if F is ample Rad-supplementing, then it is Rad-supplemented 
by Corollary 13.21 and so R is left perfect by [3], Theorem 5.3]. □ 

Finally, we give the characterization of the rings over which every module 
is (ample) Rad-supplementing. 

Theorem 3.4. For a ring R, the following are équivalent: 

(i) Every left R-module is Rad-supplementing; 

(ii) Every reduced left R-module is Rad-supplementing; 

(iii) Every left R-module is ample Rad-supplementing; 

(iv) Every left R-module is Rad-supplemented; 

(v) R/P{R) is left perfect. 

Proof Let M be a module. (1)^(2) is clear. (2)^(1) Since M/P{M) is 
reduced, it is Rad-supplementing by hypothesis. So M is Rad-supplementing 
by Corollary 12. 91 (1)^(3) Since every submodule of M is Rad-supplementing, 
M is ample Rad-supplementing by Proposition 13.11 (3)^(4) by Corollary 
[3l2l (4)^(1) Let M Ç N be any extension of M. By hypothesis, N is 
Rad-supplemented, and so M has a Rad-supplement in A^. (4)<(=^(5) by [31 
Theorem 6.1]. □ 
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